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Based on the ideas of quantum extension and quantum conditioning, we propose a generic ap- 
proach to construct a new kind of entanglement measures called conditional entanglement. The new 
measures, built from the known entanglement measures, are convex, automatically super-additive, 
and even smaller than the regularized versions of the generating measures. More importantly, new 
measures can also be built directly from measures of corrélations, enabling us to introduce an additive 
measure and generalize it to a multipartite entanglement measure. 
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Entanglement, as a key resource and ingrédient in 
quantum information and computation as well as com- 
munication, plays a crucial rôle in quantum information 
theory. It is necessary to quantify entanglement from 
différent standpoints. A number of entanglement mea- 
sures hâve been formulated, and their properties have 
been explored extensively (see, e.g., Ref.0, Q and réf- 
érences therein). Nevertheless, little is known on how 
to systematically introduce new entanglement measures. 
It is likely acccpted that an appropriatc entanglement 
measure is necessarily non-increasing under local opér- 
ations and classical communication (LOCC), while this 
requirement makes the définition of entanglement mea- 
sure notoriously difncult and challenging. So far, most 
of existing methods to construct entanglement measures 
are based on the " convex roof [|| and the concept " dis- 
tance" Q — the distance from the entangled state to its 
closcst separablc statc. The well-known entanglement of 
formation Ef Q is established for a mixed state pab of a 
bipartite AB-system via the technique of convex roof. On 
the other hand, the relative entropy of entanglement E r 
was based on a concept of "distance" [3], and squashed 
entanglement Esa was built from conditional quantum 
mutual entropy [5[ — a quantum analog to intrinsic infor- 
mation [6] known from classical cryptography, as well as 
the logarithmic negativity En was suggested @,Q on the 
basis of the well-known separability criterion — partial 
transposition [9(. Among the known measures, additiv- 
ity holds for E sq and E N and is conjectured to hold for 
Ef, but E r is nonadditive [ï(|. En is computable for a 
generic mixed state, while it does not reduce to the von 
Neumann entropy of subsystem for pure states. E r can 
be generalized to a measure for multipartite states, but 
still it is nonadditive. Very recently, E sq was extended 
to multipartite cases fïll ]. 

In this paper, we introduce a generic approach to con- 
struct a kind of entanglement measures. which is defined 
in analogy to the conditional entropy j 1 21 ] and thus re- 
ferred to as conditional entanglement. The key ideas are 
quantum extension and quantum conditioning [12]. New 



entanglement measures can be built from old ones and 
the order between them is known. Of particular impor- 
tance, conditional entanglement can be formulated by 
quantum conditioning of functions that describe corré- 
lations rather than entanglement. Taking the quantum 
mutual information as as exemplary measure of corré- 
lations, we show that a new entanglement measure can 
be established by quantum conditioning. Remarkably, it 
is additive and can straightforwardly be generalized to 
multipartite states for two différent choices of multipar- 
tite mutual information. 

Définition 1 Let pab be a mixed state on a bipartite 
Hilbert space Ha <£> H-b- A conditional entanglement of 
Pab is defined as 

CE(pAB) = mi{E{ P AA':BB>) ~ E(p A >:B>)}, (I) 

where the infimum is taken over ail extensions of 
Pab, i-e., over ail states satisfying the équation 
Tta'B' Paa' bb' = Pab, and E{-) is an entanglement mea- 
sure. Note that the above définition is similar to that of 
conditional entropy S{A\B) = S{AB) - S{B) with S(p) 
as the von Neumann entropy S(p) = — Trplogp. 

To show that conditional entanglement is a good en- 
tanglement measure, we now elaborate that it does sat- 
isfy two essential axioms that an entanglement measure 
should obey [ï|. 

1. Entanglement does not increase under local opérations 
and classical communication (LOCC) i. e. E(A(p)) < 
E(p), for any LOCC opération A. The reason that CE 
inherits the monotonicity of E is straightforward, 

E(A AB {pAA':BB>))-E{p A ':B') < E(pAA>:BB>)-E(p A ':B>)- 

2. Entanglement is not négative and is zéro for separable 
states. The inequality CE(pab) > cornes from the fact 
that any entanglement measure is non-increasing by trac- 
ing subsystems, while the equality CE = for separable 
states lies in that separable extensions can be found for 
separable states. 
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The monotonicity under LOCC implies that entangle- 
ment remains invariant under local unitary transforma- 
tions. This cornes from the fact local unitary transfor- 
mations are réversible LOCC. The convexity of entangle- 
ment used to be considered as a mandatory ingrédient 
of thc mathematical formulation of monotonicity 0, [Ï3| . 
Now the convexity is merely a convenient mathemati- 
cal property. Also there is a common agreement that 
the strong monotonicity — monotonicity on average under 
LOCC is unnecessary but useful [H, [Hj]. Many known ex- 
isting entanglement measures are convex and satisfy the 
strong monotonicity. We will show that CE naturally 
inherits thèse properties. 

For convex E, convexity of CE can be obtained 
by noticing that for any extension states paa'BB' an d 
o'AA'BB 1 , a new extension state can be constructed as 

TAA>E:BB> = ^PAA'BB' <8> (|0)(0|) B + (1 - \)(TAA'BB' ® 

(|1)(1|)b, and therefore 

E(taa>e-.bb>) — E(ta>e-.b>) 

= \[E(pAA>:BB>) - E(p A ':B')] 

+ (l-\)\E(c-AA>;BB-)-E{(T A ,.. B ,)]. (2) 

Now, let us show that CE(-) satisfies the monotonicity 
on average under LOCC if the convex E(-) does. It is 
sufhcient to prove that CE is non-increasing under mea- 
surement on one party. For any extension paa 1 bb 1 , a 
measurement on party A reduces the extension state to 
an ensemble {p k , Paa'bb'}- 

E(pAA'BB') - E(pA'B') 

> ^TpkE{p k AA , BB ,) ~ E{p A iBi) 

k 

= ^VkE{p k AA , BB ,)-^ Pk E{p k A , B ,) 

k k 

+ J2P kE( -PA>B')- E(PA>B>) 
k 

> Y,P^ E (PAA'BB')-E(PA'B')}- (3) 

fc 

The first inequality cornes from the fact that E is non- 
increasing on average under local measurement, while the 
second one is due to the convexity of E. As a resuit, we 
have CE(pab) > E k PkCE(p k AB ). 

Remarkably, while most of the known entanglement 
measures are sub-additive, CE is super-additive. 

Proposition 1 CE(p ® a) > CE(p) + CE {a). 

Proof For any extension state t Ai a 2 A':B 1 b 2 B' of 

PAiBi ® 0- A2 B 2 , 

E{ta 1 a 2 A':B 1 b 2 b>) — E{ta>:B') 
= E(ta 1 a 2 a>:B 1 b 2 b>) - E(ta 2 a>-.b 2 b>) 

+ E(ta 2 A':B 2 B') ~ E(t A >:B>) 

> CE(p)+CE(a). (4) 



Somc entanglement measures are upper bounds for 
distillable entanglement. Their so-called regularizations 
provide stronger bounds. Here CE is even smaller than 
the regularized entanglement measure: 

CE{p) < E°°{p) for ail states p, (5) 

where E°°(p) = limn^oo E(p® n )/n is the regularized 
version of the generating entanglement measure E. In- 
deed, it is explicit that CE(p) < E(p ® |00)(00|) - 
£(|00)(00|) = E(p). From the super-additivity of CE, 
we know nCE(p) < CE(p® n ) < E(p® n ), which leads to 

©• 

One also finds that Ef(pAB-.CD) — Ef(pc-.D) > 
G{pa-.b), where G(pa-.b) > iff pab is entangled [ïj ]. 
We then get G(pab) < CE f {pAn)< E c , where E c = Ef 
is so-called entanglement cost [15j. Thus for any entan- 
gled state, CEf > 0. It is an open question, whethcr 
CE r is nonzero for entangled states. 

Now let us pass to constructing entanglement measures 
by conditioning corrélation measures [251 ] - Most intrigu- 
ingly, we illustrate below that a new additive measure 
can indeed be constructed based on quantum condition- 
ing and can be generalized to multipartite states. 

For a fonction / quantifying corrélations we have two 
candidates for its conditioned version 

C}{pab) = inî[f{pAA>-.BB>) - f{pA>:B>)}, (6a) 
C a f (p AB ) = mî[f( P A:B E )- Kpa-.e)}, (6b) 

where infimum is taken over ail extensions paa'bb 1 
(pabe) Pab- C/0) is the symmetric conditioned version 
of / while C^(-) the asymmetric one. 

Taking / to be quantum mutual information I(X : 
Y) = S(X) + S (Y) - S(XY), we obtain conditional en- 
tanglement of mutual information given by Cf. We add 
a factor 1/2 and will dénote it by C/. Explicitly 

Ci(pab) = inf ~{I(AA' : BB') - I(A' : B% (7) 

where the infimum is taken over ail the extension states 
Paa'bb' of pab- Now we justify that Cj is an appropriate 
entanglement measure. 

1. We prove that Ci satisfies the strong monotonic- 
ity. From a symmetry considération, it is sufficient to 
prove that Ci is non-increasing under a measurement on 
subsystem A, namely, Ci (pab) > Y^,kPkGi(p AB ), where 
Pab = A kPABA\/pi, p t = trA k p AB A[, and J2k A Ï A ^ = 
I A . Another way to describe the measurement process 
is as following. First, one attaches two ancillary Sys- 
tems A and Ai in states \0)a an d \0)a% to System AB. 
Secondly, a unitary opération Uaa q a x on AAqAi is per- 
formed. Thirdly, the System A\ is traeed out to gct the 
state as p~A ab = J2k A kPABA{ (g) (\k)(k\) Ao - Now for 
any extension state paa'bb', we get the state after the 
measurement on A, p~A AA'BB' = J2 k A kPAA'BB' A l ® 
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(\k)(k\)A = J2kPkP A A'BB' ® M ost crucially, 

we have 

I{PAA>:BB>) - I(PA'-.B') 
= ^(O^oAi ® PAA'-.BB') - I(PA'-.B') (8a) 
= J(Î/AoAiA(OAoAi <S> AAA':BB')) _ HPA'-.B') (8b) 

> I(pAoAA':BB') - I{pA':B') (8c) 

= 5^P*[^A':BB')--f(^A':B')] 

+ £p^:B') -/(PA':B') 
fe 

+ S(pBB') - ~J2pkS(p% B ,) 

h 

= ^Pk[I(pAA':BB')-I{p%:B>)} 
k 

+ x(BB') + X (A'B')-x(A')-x(B') 

> 52pk[ltfkA>:BB>) ~ I(PÏ':B')} (8d) 

where = >5(p) — J2kPkS{p k ) is the Holevo quantity 
of the ensemble {p^, p fe }. The equality of (|8b[) cornes from 
that quantum mutual information is invariant under local 
unitary opération, while the inequalities of ([8c]) and (|8d|) 
stem from, respectively, the facts that quantum mutual 
information and the Holevo quantity are non-increasing 
by tracing subsystem. Consequently, we prove that Cj is 
non-increasing on average under LOCC opération. 

2. Ci > cornes from the fact that the quantum mu- 
tual information is non-increasing under tracing subsys- 
tems of both sides. For a separable state pab, it can 
always be decomposed into a separable form: pab = 
J2ijPij<j>A ® 0s- An extension state may be chosen to 

be PAA'BB' = Yn,jPH < t >i À ® (KK^IU' ® <£fl ® (Ij)ODb'- 

It is obvious that I(AA' : BB') = I(A' : B'), and thus 
Ci = for separable states. 

Continuity. The conditional entanglement of quantum 
mutual information is asymptotically continuous, i.e. if 
\pab-o A b\ <e, then |C/(p)-C/(a)| < ^ e logd + 0(e), 
where | • | is the trace norm for matrix, K is a constant, 
d = dimTi. ab, and 0(e) is any function that dépends only 
on e (in particular, it does not dépend on dimension) and 
satisfies lim c ^ O(e) = 0. 

The proof of the asymptotic continuity is similar to 
that for the squashed entanglement and is presented in 
the Appendix. 

Convexity. Ci is convex, i.e., Ci(Xp + (1 — A)er) < 
XCi(p) + (1 — A)Cj(o-) for < A < 1. 

Proof For any extension states paa'BB' and gaa'BB', 
we consider the extension state taa'A"BB'B" = 

XPAA'BB' ® (|0)(0|) A » <8> (|0)(0|) B » + (1 - A)(7AA'BB' <8 

(\1)(1\) A " O (|1)(1|) b », and have I(taa>A":BB'B") - 

I(tA'A":B'B") = A[/(p,4A':BB') - ^(/>A':B')] + (1 ~ 

A)[Z((T J 4 J 4':BB') — -f(cA':B')]- This implies Ci is convex. 



An immédiate corollary of convexity is that Ci < Et 
and furthermore Ci < -B c due to the following additivity. 

Proposition 2 Ci{pab®^cd) = Ci(pab) + Ci((t C d)- 
Proof On the one hand, for any extension states 
PAA'BB' and acc'DD', PAA'BB' <8 ctccdd' is an exten- 
sion state of pab ® <Jcd- 

I(AA'CC : BB'DD') - I(A'C : B' D 1 ) 
= I(AA' : BB') - I{A' : B 1 ) 
+ I(CC : DD') - I(C : D'). (9) 

So Ci ( pab u C d) < Ci (pab) + Ci(o- C d) holds. 

On the other hand, for extension states tace'-.bdf' of 
Pab®<Jcd, tace'-.bdf' is an extension state of pab and 
t~ce':DF' is an extension state of acD- Therefore we have 

I(ACE' : BDF') - I(E' : F') 
= I(ACE' : BDF') - I(CE' : DF') 
+ I(CE' : DF') - I(E' : F'). (10) 

This means that Ci(p A B ® ccd) > Ci(pab) + Ci((t C d)- 
So we have finally the additivity equality. 

It is quite remarkable that the property of additivity is 
rather easy to prove for conditional entanglement while it 
is extremely tough for other candidates. The reason lies 
in that the conditional entanglement is naturally supper- 
additive while others are usually sub-additive. Also the 
proof for the conditional entanglement shares a similarity 
with that of squashed entanglement. As a matter of fact, 
squashed entanglement can be constructed in the same 
spirit: it is based on asymmetric conditioning of mutual 
information 

E sq (p AB ) = \ : BE) - I(A : E)} = \c}{pab), 

(H) 

where the infimum is taken ail extensions pabe of pab- 
It is notable that I(A : BE) - I(A : E) = I(AE : 
B) — I(E : B) is symmetric w.r.t. Systems AB though 
each term in the formula is asymmetric w.r.t. both par- 
ties. This gives the possibility to build symmetric entan- 
glement measures by asymmetric conditioning. 

In [TO], we call the squashed entanglement q-squashed 
entanglement E] q because the extension is generic and 
the System E is required to be quantum memory. If wc 
restrict E to classical memory, another proper entangle- 
ment measure — c-squashed entanglement E c sq can be ob- 
tained [ll| . Here we show the order relation among thèse 
three measures. 

Proposition 3 Ej q < Ci < E c sq . 

Proof. E% q < Ci cornes from the chain rule for quantum 
mutual information. 

I(AA' : BB') - I(A' : B') 
= I(A' : BB') + I(A : BB'\A') - I(A' : B') 
= I(A' : B\B') + I(A : B'\A') + I(A : B\A'B') 
> I(A : B\A'B'). (12) 
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The proof of Ci < E c sq is as follows. For the optimal 



extension for E c „ 



we have 



*aq, PABE = J2PiPAB ® (N) M)-^ 

a four-partite state paa'BB' = J2p%Pab ® G*)(*I).A' ® 
thcn 7(AA' : BB')-I(A' : S') - E,P^(pÂb)- 
Once we have the order of the above three measures, 
we can easily demonstrate that Ci is lockable i.e. that 
one can decrease it about arbitrary value while removing 
a single qubit 17 L 18. [TÔT]. The example is the flower 



state pa 1 a 2 b 1 b 2 l£i 13] defined by its purification: 
1 



A 1 A 2 B 1 B 2 C _ 



E 



11 IjV 



B> 



Uj\i) 



where Uq = I and U\ is the Fourier transformation of 
the computational basis {\ï}}. It is shown in [Î9| that 
Ej q = 1+1 log d and furthermore the optimal extension 
is trivial (the state itself) that is also one of extensions 
for Ci and E c sq . If Ai is lost, then pa\:B x b 2 is separable. 
From Prop [3J we immediately obtain that Ci and E c sq 
are lockable. 

It should be emphasized that one is unable to prove E c sq 
to be additive at présent, but the three measures are so 
similar that they are probably the same. If it is the case, 
we would have a really graceful resuit that the optimal 
extension is always the classical one. Moreover, it would 
give us a strong hint for the additivity of entanglement of 
formation that relates to many other important problems 
pÔj ]. Presumably Ci may play a rôle as a bridge. 

Among existing bipartite entanglement measures 0, 
2], only the relative entropy of entanglement and the 
squashed entanglement can be extended to multipartite 
cases. Attractively, there exist two versions of multipar- 
tite quantum mutual information 21|. Ail conclusions 



for the bipartite case can be similarly deduced. 
We then obtain two multipartite versions of Ci: 

Ci = w£{I n (AxA[ : • • • : A n A' n ) - I n (A[ : • • • : A' n )}, 
C s = inS{S n (A 1 Af 1 A n A' n ) - S„K : • ■ • : A' n )}, 

where two candidates for multipartite mutual informa- 
tion are defined as 7„ = JY S(Ai) — S(Ai ■ ■ ■ A n ), and 
Sn = S(A 1 ■ ■ ■ A^A t+1 ■ ■ ■ A n )- (n- 1)S(A 1 ■ ■ ■ A n ). 

Proposition 4 The conditional entanglement for mul- 
tipartite mutual information is additive. 

Ci{pA 1 -A„ <S> <JB X -B n ) = Ci{pA t ---A n ) + Ci(a Bl -B n ), 
CsiflA-L-An ® CTBi-Bn) = CsifiAi-An) + Cs((JB 1 ---B„)- 

In summary, we have developed a generic approach 
to construct new entanglement measures based on quan- 
tum conditioning. The new measures can not only be 
obtained from the known measures but also be gener- 
ated from measures of corrélations. In particular, a new 
additive measure is constructed and generalized to mul- 
tipartite entanglement. Moreover, the known additive 



measure — squashed entanglement is shown to corne from 
the asymmetric conditioning. We conjecture that the 
measures built from quantum conditioning are additive, 
which means that quantum conditioning leads to additive 
entanglement. Conditional entanglement measures from 
other candidates and further properties will be addressed 
elsewhere. 
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APPENDIX 

Proof of the asymptotic continuity of Ci 
The proof is similar to the continuity of the squashed 
entanglement [f| that is based on a basic resuit in [22| 
asserting that for any two states pab and o~ab on H.a £3> 
Ti-B, if \pab - ctab\ = e, thcn 



\S{A\B) P - S(A\B) a \ < ielogdA + 2H{e), 



(13) 



where oIa is the dimension of TLa and H(e) = —éloge — 
(1-e) log (1 - e). Note that the righthand of Eq O does 
not explicitly dépend on the dimension oîTLb- Iteratively 
using the relations between fidelity and trace norm 23] , if 
\pab - &ab \ < e, then the fidelity F(p AB ,a AB ) > 1 - e, 
then there exist purifications $abc and abc of pab 
and <tab respectively such that F(&abc, ^ abc) > 1 — e , 
and then |$abc — ^ abc\ < For any quantum 

opération £ acting on C into A'B', it créâtes the ex- 
tensions paa'BB' and oaa'BB 1 of pab and <jab satisfy- 
ing \paa>bb> - <taa>bb>\ < 2y/ë. Notice that I(AA' : 
BB') - I(A' : B') = S(A\A') + S(B\B') - S(AB\A'B'), 
we get 

\[I(AA' :BB') P -I{A' : B') p ] 

- [I(AA' : BB') a - I(A' : B'U\ 

= \[S(A\A% - S(A\A'U + [S(B\B') P - S{B\B') a ] 

- [S{AB\A'B') P - S(AB\A'B') a ] 

< \S(A\A') P - S(A\A% + \S{B\B') P - S(B\B%\ 
+ \S{AB\A'B') P - S(AB\A'B%\ 

< W^og(d A d B )+GH(2^) =e' (14) 



For a séquence of opération Si that créâtes a séquence 
of extensions such that I(AA' : BB') p - I(A' : B') p -> 
E^pab), we have |Cj(/mb) - [I(AA' : BB% - I(A' : 
B%]\ < e', then Ci(a AB ) < I{AA' : BB % ~ I( y A ' ■ 
B% < C I ( P AB) + e'- Similarly C,(pab) < C 7 (<7 AB ) + e', 
so |C/(pab) - Ci(uab)\ < e'- 

Notice that we have ^fê instead of e, but it does not 
change the essence of condition referring asymptotic con- 
tinuity [24 ]. 

Définition of E c sq [H} The c-squashed entanglement 
E^„ is defined as 



e: 



sq {p AB )=mî-I{A:B\E) 



(15) 



where infimum is taken over the extension states of the 

form J2p*Pab ® (I*X*I)b- 

In deed, it is équivalent to the mixed convex roof of 
the quantum mutual information, i.c. 



E c sq (pab) = min ~ (p' AL1 , 



(16) 



where p A B = Y. l V%P l AB - 



